Domain walls can significantly modify electronic properties of ferromagnetic metals. In this paper we consider theoretically the influence of domain walls on transport properties of ferromagnetic materials and the results are compared with recent experiments. In the case of diffusive transport through a thick domain wall, the semiclassical approximation is applied and a local spin transformation is performed, which replaces the system with a domain wall by the corresponding system without a domain wall but with an additional gauge field. Due to a redistribution of single-particle electron states at the wall, one obtains then either negative or positive contributions to resistivity. The situation is different for very narrow and/or constrained domain walls. In such a case, the semiclassical approximation is not valid. Instead of this the approach based on scattering matrix is applied. The domain wall then gives rise to a large positive contribution to electrical resistivity. The corresponding magnetoresistance can be therefore very large, which is in agreement with recent experiments. The limiting case of narrow domain walls in systems with a single conduction channel is analysed in detail, with the effects due to electron-electron interaction taken into account. In this particular case the magnetoresistance due to a domain wall can be extremely large.
Introduction
Domain walls (DWs) can have a significant influence on the behaviour of conducting electrons in ferromagnetic metals. On the other hand, conduction electrons can have an impact on DWs as well. It has been well known for a long time that DWs in a ferromagnetic metal influence its electronic transport properties by producing an additional contribution to electrical resistivity.
Since DWs give rise to electron scattering [1, 2] , one could expect that this contribution is positive. This expectation was also supported by early experiments. It was only very recently that a single DW contribution to electrical resistivity could be extracted in a controllable way from the total resistance [3] [4] [5] [6] . Surprisingly, it turned out that the resistance of a system with DWs in some cases was smaller than in the absence of DWs [3, 4] , whereas in other cases it was larger [7] [8] [9] . This intriguing observation led to considerable theoretical interest in electronic transport through DWs [10] [11] [12] [13] [14] . The interest is additionally stimulated by possible applications of the associated magnetoresistance in magnetoelectronic devices. This is because creation and destruction of DWs can be controlled by a weak magnetic field. The corresponding magnetoresistance can then be either positive or negative.
Recent experiments on magnetic point contacts showed that constrained DWs formed at the very contact between ferromagnetic wires give an unexpectedly large contribution to electrical resistivity, and consequently lead to large negative magnetoresistance [15] . The characteristic feature of DWs in point contact geometry is their very small width (a feẘ Angstroms) [16, 17] , which is much smaller than the DWs width in bulk materials, thin films or in wires.
In the following we will describe theoretically basic features of the electronic transport through DWs, and will present an explanation of the above described experimental observations. Two limits will be analysed in detail-the limit of thick DW, when electronic transport through the wall is diffusive, and the limit of narrow DW, when the transport is ballistic. In the former case the theoretical treatment is based on a semiclassical approach, which is valid for k F ↑(↓) D 1, where k F ↑ and k F ↓ are the Fermi wavevectors corresponding to the two spin channels, and D is a characteristic length of the magnetization variation (DW width) [18] . In such a case DW can lead to redistribution of single-electron quasi-particles, and this can lead either to positive or negative contributions to resistivity. Another mechanism which leads to a negative contribution is based on the suppression of weak localization (WL) corrections to conductivity by DWs [10] . At sufficiently low temperatures quantum interference effects in a magnetically uniform system (without DWs) lead to an increase in the resistivity due to enhanced back scattering [19, 20] . Creation of DWs destroys the interference effects and therefore diminishes the resistivity of the system. When, however, the DW width D is of atomic size, as in some nanoconstrictions [16] , the condition of semiclassical behaviour is not fulfilled. In that case, one has to use a different approach, such as for instance the one based on the scattering matrix and Landauer formalism.
In section 2 we consider the limit of a thick DW, where electronic transport through the wall is diffusive. We take into account electron-electron interactions and analyse the charge accumulated by the wall. The limit of atomic-size DWs is considered in section 3. In particular, we consider there the case of DWs in one-dimensional systems. The role of electron-electron interactions in such a case is also discussed. Concluding remarks are given in section 4.
Diffusive transport through a thick domain wall

Model
Assume a simplified model of a ferromagnetic metal, in which conduction electrons with a parabolic energy spectrum interact with a nonuniform magnetization that smoothly varies across a certain DW. Assume also that the electrons are scattered by defects with the corresponding scattering potential being independent of the spin orientation (in a general case this potential can be spin dependent). When the domain wall is sufficiently thick, D l, where l is the electron mean free path, electronic transport across the wall is diffusive.
The single-particle Hamiltonian describing conduction electrons locally exchangecoupled to the magnetization M(r) takes the form
where J is the exchange parameter, σ = (σ x , σ y , σ z ) are the Pauli matrices, and the unit system withh = 1 is used. The domain wall is characterized by a magnetization profile M(r). For the sake of simplicity we assume |M(r)| = M 0 = const. Thus, we can write
where n(r) is a unit vector field specific to a particular type of DW (to be defined later), and M = J M 0 is measured in energy units. In order to control the charge density of the electron gas, we include the Coulomb electron-electron interaction in the mean-field approximation via the term
where e is the electron charge (e < 0) and the field φ(z) is the mean-field electrostatic potential in the presence of the wall, which obeys the equation
with · · · denoting the ground state average, n 0 being the electron gas density in the absence of DWs, and ψ and ψ † denoting the spinor field operators. The potential φ(z) has to be calculated self-consistently, which assures that the total charge accumulated at the wall vanishes, though the charge neutrality may be violated locally.
To include the spin-dependent interaction, we introduce the contact coupling in the form
where g s is the corresponding coupling constant. Choosing s 0 as the spin density far from the wall guarantees that this interaction vanishes when there is no domain wall. This means that the effects due to magnetization of the conduction electrons in a system without domain wall are included by the parameter M in the one-particle Hamiltonian. The effect of a domain wall is then to modify the internal magnetization, resulting from a redistribution of the spin density. The effects due to interaction (5) can be taken into account by adding to the Hamiltonian a new term,
where the internal magnetization field m z (z) is determined by the saddle-point equation
The total Hamiltonian H of the system can then be written as
where H 0 , H int and H s int are given by equations (1), (3) and (6), respectively.
Gauge transformation
The key point of the approach is a local unitary transformation
where1 is the 2 × 2 unit matrix. T (r) transforms the problem of electrons in a system with nonuniform magnetization to an equivalent problem of electrons in a system with uniform magnetization, but with an additional gauge field [10, 18] . In other words, T (r) transforms the second term in equation (1) as
Explicit form of T (r) is given by [21] T
Generally, the above transformation can be applied not only to simple DWs, but also to other types of topological excitations in ferromagnetic systems, for instance to helicoidal waves, skyrmions and others. The non-Abelian gauge field A (r) related to the transformation (11) is given by
According to (11) and (13), the gauge field A(r) is a matrix in the spin space. Assume now a more specific DW in a bulk system, which is translationally invariant in the x-y plane: M(r) → M(z) and n(r) → n(z). For a simple DW with M(z) lying in the plane normal to the wall one can parametrize the vector n(z) as
where the phase ϕ(z) determines the type of DWs. The transformation (11) is then reduced to
and the gauge field acquires the simple form
where ϕ (z) ≡ ∂ϕ(z)/∂z. Taking into account the above formulae one can write the full transformed Hamiltonian in the form
where
When k F ↑(↓) D 1, the perturbation due to the DW is weak and the semiclassical approximation is well justified. The last three terms on the right-hand side of equation (16) can then be treated as a small perturbation.
If one assumes the domain wall in the form of a kink shown schematically in figure 1 , then with L = D/2, and the parameter β(z) is given by
Using equations (16) to (19) , one can calculate self-consistently the distributions of spin and charge densities near the domain wall. The results are presented in figures 2 and 3. They also show how the spin coupling constant g s affects both the spin accumulation ( figure 2 ) and charge accumulation ρ(z) ( figure 3 ). This effect is a result of self-consistency, because by controlling the magnetic density one modifies the magnetic wall, and this in turn influences the electron density. 
Local conductivity
The general formula for the local conductivity (without localization corrections and for electric field applied along the axis z) has the following form:
where the gauge potential A(z) given by equation (16) is taken into account, and the retarded (R) and advanced (A) Green functions are both evaluated at the Fermi level,
Here,
with µ denoting the chemical potential, and
where the upper (lower) sign refers to ↑ (↓). The quasi-particle energies ε k↑(↓) (z) are the eigenvalues of the whole Hamiltonian (poles of the Green functions). They correspond to pure spin states only outside the wall, whereas inside the wall they have no pure spin-up (spindown) form because of spin mixing by the wall. Finally, τ ↑ (z) and τ ↓ (z) in equation (21) are the relaxation times, which for impurity scattering potential V 0 independent of the electron spin have the form
where k F ↑(↓) (z) are the appropriate Fermi wavevectors, The difference in scattering times is due to a difference in the density of states at the Fermi level for ↑ and ↓ states. The local conductivity σ zz is a smoothly varying function of z, σ zz = σ zz (z),
Given the conductivity σ zz (z), the average resistivity of a sample of length d with a domain wall can be found as
The DW contribution to the local conductivity, σ zz , is shown in figure 4 as a function of z. It is evident that this contribution is positive, i.e., the conductivity is enhanced within the wall. The enhancement shown in figure 4 is not large, but it could be larger when one assumed appropriate spin asymmetry of the impurity scattering potential. It should be noted, however, that by taking opposite spin asymmetry for the impurity scattering potential, the enhancement can be diminished or can even change sign, i.e., the conductivity within the wall can be lower than outside the wall. Thus, this model can account for both signs of the magnetoresistance associated with DWs. This sign depends on the spin asymmetry of the impurity scattering potential.
Transport through an atomic-size domain wall
Scattering states
Let us consider again the Hamiltonian (1) describing electrons in a spatially inhomogeneous magnetization M(r). For a very narrow constrained DW one may consider only a few channels for electronic transport. A limiting situation is when there is only a single transport channel. In such a one-dimensional case the Hamiltonian (1) can be rewritten as
We will make use of the scattering states taken in the form
where k ↑(↓) = √ 2m(E ± M), and E is the electron energy. This state describes the spin-up electron wave incident from −∞ and partly reflected and transmitted into the spin-up and spin-down channels. The coefficients t R↑ and t f R↑ are the transmission amplitudes without and with spin reversal, respectively, whereas r R↑ and r f R↑ are the relevant reflection amplitudes. The analogous forms have the scattering states related to the spin-down wave incident from left to right (labelled with R ↓ k), as well as the scattering states related to electron waves incident on DW from the right. Now we integrate the Schrödinger equation H ψ = Eψ with the Hamiltonian (27) over z from −δ to +δ in the vicinity of z = 0 (where the domain wall is located). Assuming
, under the integral we can expand the scattering functions (28) in the vicinity of z = 0 and restrict ourselves to the first term in this expansion. Then one obtains
where n is the electron state index (n ≡ R (L) ↑ (↓)k) and λ is a factor defined as
Equation (29) has the form of a spin-dependent condition for transmission through a δ-like potential barrier located at z = 0. Taking into account the scattering states (28) and condition (29), in combination with the continuity condition for the wavefunctions, one finds the following expressions for the transmission amplitudes:
According to (32), the magnitude of the spin-flip transmission coefficient can be estimated as
Thus, a sharp domain wall can be considered as an effective barrier for the spin-flip transmission.
It should be noted that the conservation of flow has the following form:
and analogous equations hold also for the other scattering states.
Resistance of the domain wall
To calculate the conductivity we start from the current operator
Expanding ψ(z) in the scattering states (28), and performing quantum mechanical averaging, one obtains the following formula for the current:
where n is the index of scattering states. The matrix elements of the velocity operator v = −(i/m)∂ z can be calculated on the basis of the scattering states, and one obtains
and similar expressions for the other states. The retarded Green function G n (ε) in equation (37) is diagonal on the basis of scattering states. Assuming that the transmission of electrons through the barrier is small, one can take the chemical potential constant µ = µ R for z < 0, and µ = µ L for z > 0. This corresponds to the voltage drop U = (µ R − µ L )/e across the barrier. The Green function G R↑k (ε) acquires then the following simple form:
The other components of the Green function have a similar form.
After integrating over ε, one finds
In view of the conservation of charge, the current does not depend on z, and therefore can be calculated for z = 0. Moreover, the total current from the states ε R↑(↓) (k), ε L↑(↓) (k) µ L vanishes and only the states obeying the condition µ L < ε R↑(↓) (k) < µ R contribute to the current. The conductance G can then be found as a linear response to small perturbations (in the limit of U → 0), and one finds
where all the velocities and transmission coefficients are taken at the Fermi level.
Finally, using equations (31) and (32), one can write the conductance in the form One can note that the conductance in the presence of a domain wall is generally much smaller than in the absence of the wall. Accordingly, the associated magnetoresistance can be rather large (about 70%, which corresponds to G/G 0 < 0.6), in agreement with experimental observations. It is also worth noting that the resistance of an abrupt domain wall can be smaller than the resistance of a thicker domain wall (provided the conditions assumed for the model are fulfilled).
Electron-electron interaction
Electron-electron interactions in one-dimensional systems can play a crucial role in electronic conductivity. This is because electron tunnelling even through a weak impurity potential can be renormalized to suppress completely the transmission coefficients. Here, we calculate the electron-electron corrections to the transmission coefficients through a domain wall, assuming that transmission with and without spin reversal is small.
